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DISTRIBUTION OF RATIONAL POINTS OF BOUNDED HEIGHT ON 
EQUIVARIANT COMPACTIFICATIONS OF PGL2 I 


RAMIN TAKLOO-BIGHASH AND SHO TANIMOTO 


Abstract. We study the distribution of rational points of bounded height on a one-sided equi- 
variant compactification of PGL 2 using automorphic representation theory of PGL 2 . 


1. Introduction 

A driving problem in Diophantine geometry is to find asymptotic formulae for the number of 
rational points on a projective variety X with respect to a height function. In [BM90] . Batyrev 
and Manin formulated a conjecture relating the generic distribution of rational points of bounded 
height to certain geometric invariants on the underlying varieties. This conjecture has stimulated 
several research directions and has lead to the development of tools in analytic number theory, 
spectral theory, and ergodic theory. Although the strongest form of Manin’s conjecture is known 
to be false (e.g., |BT96b) . |BL15) . and [LB ldj 'l. there are no counterexamples of Manin’s conjecture 
in the class of equivariant compactifications of homogeneous spaces whose stabilizers are connected 
subgroups. 

There are mainly two approaches to the study of the distribution of rational points on equi¬ 
variant compactifications of homogeneous spaces. One is the method of ergodic theory and mix¬ 
ing, (e.g., |GMO08] . |G011) . and |GTBT1^ 1. which posits that the counting function of rational 
points of bounded height should be approximated by the volume function of height balls. This 
method has been successfully applied to prove Manin’s conjecture for wonderful compactihcations 
of semisimple groups. The other approach is the method of height zeta functions and spectral 
theory (e.g., |STBT07| and |STBT04| as well as |BT98a| . |BT96a| . |GLT02| . and [STT^ l: this 
method solves cases of toric varieties, equivariant compactifications of vector groups, biequivariant 
compactifications of unipotent groups, and wonderful compactifications of semisimple groups. 

In all of these results, one works with a compactification A of a group G that are bi-equivariant, 
i.e. the right and left action of G on itself by multiplication extends to X. The study of one-sided 
equivariant compactihcations remains largely open, and the only result in this direction is |TT12] 
which treats the case of the ax -I- 6-group under some technical conditions. 

From a geometric point of view, one-sided equivariant compactihcations of reductive groups are 
different from bi-equivariant compactihcations, and their birational geometry is more complicated. 
For example, in the case of bi-equivariant compactihcations of reductive groups, the cone of effective 
divisors is generated by boundary components. In particular, when reductive groups have no 
character, the cone of effective divisors is a simplicial cone. However, this feature is absent for 
one-sided equivariant compactihcations of reductive groups, and one can have more complicated 
cones for these classes of varieties. This has a serious impact on the analysis of rational points. 

In all previous cases where spectral theory or ergodic theory are applied, the main term of the 
asymptotic formula for the counting function associated to the anticanonical class arises from the 
trivial representation component of the spectral expansion of the height zeta function, assuming 
that the group considered has no character. The trivial representation component has been studied 
by Ghambert-Loir and Tschinkel in [GLTIO] . They showed that when the cone of effective divisors 
is generated by boundary components, the trivial representation component coincides with Manin’s 
prediction. However, if the cone of effective divisors is not generated by boundary components. 
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then the trivial representation component does not suffice to account for the main term of the 
height zeta function. 

In this paper, we study a one-sided equivariant compactification of PGL 2 whose cone of effective 
divisors is not generated by boundary components. We use the height zeta functions method 
and automorphic representation theory of PGL 2 . A new feature is that for the height function 
associated with the anti-canonical class, the main pole of the zeta function comes not from the 
trivial representation, but from constant terms of Eisenstein series; indeed, the contribution of the 
trivial representation is cancelled by a certain residue of Eisenstein series, c.f. ^ for details. In 
particular, it would appear as though ergodic theory methods cannot shed light on this situation, as, 
at least in principle, these methods only study the contribution of one-dimensional representations. 

Let us express our main result in qualitative terms: 


The variety X satisfies 


Theorem 1.1. Let X be the blow up o/P^ along a line defined over 
Manin’s conjecture, with Peyre’s constant, for any big line bundle over Q. 

The blow up of P^ along a line is a toric variety and an equivariant compactification of a vector 
group and thus our result is covered by previous works on Manin’s conjecture. However, our proof 
is new in the sense that we explicitly used the structure of one-sided equivariant compactifications 
of PGL 2 , but not biequivariant, and we develop a method using automorphic representation theory 
of PGL 2 , which can be applied to more general examples of equivariant compactifications of PGL 2 , 
some of which are not covered by previous works. 

Let us describe our result more precisely. Consider the following equivariant compactification 
of G = PGL 2 : 


PGL 2 9 


!—>■ (a : b : c : d) € 


(0 1 ) 


The boundary divisor D is a quadric surface defined by ad — be = 0. We consider the line I on D 
defined by 

We let X be the blowup of P^ along the line /. Note that the left action of PGL 2 on P^ acts 
transitively on lines in the ruling of 1, so geometrically their blow ups are isomorphic to each other. 
The smooth projective threefold X is an equivariant compactification of PGL 2 over Q and the 
natural right action on PGL 2 extends to X. The variety X extends to a smooth projective scheme 
over Spec(Z) and the action of PGL 2 also naturally extends to this integral model. We let U be 
the open set consisting of the image of PGL 2 in X. 

We denote the strict transformation of D by D, and the exceptional divisor by E. The boundary 
divisors D and E generate Pic(A)Q, however, the boundary divisors do not generate the cone of 
effective divisors Aeff(A). The cone of effective divisors is generated by E and P = ^D—^E which 
corresponds to the projection to P^. 

Let E be a number field. For an archimedean place v G Val(F), the height functions are defined 

by 

yia 


H 


HE,v(a,b, c,d) = 

\/H2 


\b\l 


\d\l 




D,v 


(a, b, c, d) = 


+ \b\l 


\d\l 

-\d\lVV 


\d\l 


|ad — bc\i 


For a non-archimedean place v G Val(F), we have 

u f _ max{|a|„, |5|„, |c|„, |d|„} 

0 , c, uj , 

max{|c|^, \d\y} 

max{|a|„, \b\y, |c|„, max{|c|, 




,MI4 


\ad — bc\y 


Thus the local height pairing is given by 
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For ease of reference, we let 


Hi(g) = max{|c|„, |d|„} 


and 

H2(5) 

The complexified height function: 




max{|a|„, |6|„, |c|„, |d|^}. 

Hi(5r-^H2(5)-«—Idet^r- 


The global height paring is given by 

H(5, s) = H H„(g, s) : G(A^^) x Pic(X)c ^ 

i>eVal(F) 

The anti-canonical class —Kx is equal to 2D + E, and as such we have 

H^KA9) = ^DA9f^EA9)- 

A more precise version of the theorem is the following: 

Theorem 1.2. Let C he a real number defined by 

C(3)G = 57 - 31og2 + I logTT - logF Q) - ^C'(2) " ^ " 4- 
Then there is an r] > 0 such that as B ^ oo, 

#{7 e U{Q) I (7) <B} = ^Bilog B) + CB + OiB^-^). 

We will show in ^ that this is indeed compatible with the conjecture of Peyre |Pey95| . 


Our method is based on the spectral analysis of the height zeta function given by 

Z{s,w)= ^ H( 7 ,s,u;)"^ 

7GG(F) 

Namely, for g € PGL 2 (A), we let 

Z{g;s,w)= ^ H( 7 g;s,u;)"b 

7eG(F) 

For SJiu large, Z(.;s, lu) is in L^(PGL 2 (Q)\PGL 2 (A)) and is continuous on PGL 2 (A). We will 
then use the spectral theory of automorphic functions to analytically continue Z to a large domain. 
The main result will be a corollary of the following general statement: 


Theorem 1.3. Our height zeta function has the following decomposition: 

with $(s, w) a function holomorphic for 5Rs > 2 — e and + w) > 2 for some e > 0. Here A is 
the completed Riemann zeta funetion defined in and E(s,g) is the Eisenstein series defined 

in 


As in previous works, the proof of the theorem is based on the the spectral decomposition 
theorem proved in |STBT04] and some approximation of Ramanujan conjecture |Sar05] . But a 
new idea is needed here. Recall that the method of |STBT04] is based on the analysis of matrix 
coefficients-what facilitates this is the fact that the height functions considered there are bi-AT- 
invariant. Namely, we need to find bounds for integrals of the form 



H(5,s) V(5)d5 


( 1 . 1 ) 
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with (j}{g) a cusp form. If H is left-i^-invariant, then we may write the integral as 

-^ f / (j){kg)dkdg. 

vol K Ja{A) Jk 

The function g 4>{,kg) dk is roughly a linear combination of products of local spherical func¬ 

tions coming from various local components of automorphic representations. Approximations to 
the Ramanujan conjecture give us bounds for spherical functions, and this in turn gives rise to 
appropriate bounds for our integrals. 


As mentioned above, the height functions we consider here are not bi-AT-invariant. We use 
representation theoretic versions of Whittaker functions, which are the adelic analogues of Fourier 
expansions of holomorphic modular forms. The idea is to write 


^( 9 ) = 

aeQx 


with 


WM = / ^ 


1 X 
1 


g]il) ^(xjda: 


with -0 : A —>■ the standard non-trivial additive character. Using these Whittaker functions we 

can write the integral as the infinite sum 


/ H(g,s)-iW^ 

aeQx •^G(A) 


a 


1 


9 


Whittaker functions are Euler products, and there are explicit formulae for the local components of 
these functions expressing their values in terms of the Satake parameters of local representations. 
Again, approximations to the Ramanujan conjecture are used to estimate these local functions. 

Even though for the sake of clarity we state our results over Q, everything we do goes through 
with little or no change for an arbitrary number field F. The local computations of ^and 21and 
the global results of g]and ^remain valid. The spectral decomposition of ^needs to be adjusted 
in the following way. We have 

= vo 1(G(F)\G(A)) » *‘)*(*t(9)) 


where the (finite) sum is over all unramified Hecke characters x such that = 1. When the class 
number of the field F is odd, e.g. when F = Q, the sum consists of a single term corresponding 
to X = 1. At any rate. Lemma 13.11 shows that the only term that may contribute to the main 
pole is X = 1. A computation as in the case of Q shows that the term coming from the trivial 
representation is cancelled, and we arrive at Theorem II.31 Theorem 1 1.1 1 then immediately follows. 
Except for the determination of the value of the constant C, Theorem II.21 is valid as well. At this 
point we do not know how to compute the constant C in general as there is no Kronecker Limit 
Eormula available for an arbitrary number field. 

We expect that our method has more applications to Manin’s conjecture, and we plan to pursue 
these applications in a sequel |TBT15) . A limitation of our method is that it can only be applied to 
the general linear group, as automorphic forms on other reductive groups typically do not possess 
Whittaker models, e.g. automorphic representations on symplectic groups of rank larger than one 
corresponding to holomorphic Siegel modular forms |HPS83) . 


This paper is organized as follows. (21 contains some background information. The proof of the 
main theorem has four basic steps: Step 1, the analysis of the one dimensional representations pre¬ 
sented in 1J3J Step 2, the analysis of cuspidal representations and Step 3, the analysis of Eisenstein 
series, presented, respectively, in (JHand and finally Step 4, the spectral theory contained in (JH] 
where we put the results of the previous sections together to prove the main theorem of the paper. 
In dTlwe show that our results are compatible with the conjecture of Peyre. 
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2. Preliminaries 

We assume that the reader is familiar with the basics of the theory of automorphic forms for 
PGL 2 at the level of |Gel75) or |God70) . For ease of reference we recall here some facts and set up 
some notation that we will be using in the proof of the main theorem. 

2.1. Riemann zeta. As usual ((s) is the Riemann zeta function, and A(s) the completed zeta 
function defined by 

A(s)=^-«/2r(s/2)C(s). 

The function A(s) has functional equation 

A(s) = A(1 - s), 

and the function 


has an analytic continuation to an entire function. 


2.2. An integration formula. We will need an integration formula. If 77 is a unimodular locally 
compact group, and S and T are two closed subgroups, such that ST covers H except for a set of 
measure zero, and S' fl T is compact, then 

da; = diS d^t 

is a Haar measure on H where djs is a left invariant haar measure on S, and dr t is a right invariant 
haar measure on T. In particular, if T is unimodular, then 

da; = d;s dt 


is a Haar measure. We will apply this to the Iwasawa decomposition. 

As we defined in the introduction, let G = PGL 2 . Suppose that F is a number field. For each 
place V G Val(F), we denote its completion by F^,. Then we have the Iwasawa decomposition: 

G(Fr) = P(F„)Ar 


where P is the standard Borel subgroup of G i.e., the closed subgroup of upper triangler matrices, 
and Ky is a maximal compact subgroup in G{Fy). (When u is a non-archimedean place, Ky = 
G{Oy) where Oy is the ring of integers in Fy. When u is a real place, Ky = S02(R).) It follows 
from the integration formula that for any measurable function / on G{Fy), we have 




I 


fc 1 |a| ^ dk da^ dx. 


If u is a non-archimedean place and / is a function on PGL 2 (Fi,) which is invariant on the right 
under Ky then we have 


f{g)dg=J2q- 


f 


1 X 


I 


dx. 


where w is an uniformizer of Fy. If u is an archimedean place, then instead we have 


/ f{g)dg= [ f f(( 


1 X 
1 


1 


da^ dx. 


We will use these integration formulae often without comment. 
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2.3. Whittaker models. Let N be the unipotent radical of the standard Borel subgroup in PGL 2 , 
i.e., the closed subgroup of upper triangler matrices. For a non-archimedean place v of Q, we let 
9y be a non-trivial character of iV(Q^). Define C'^(PGL 2 (Q^)) to be the space of smooth complex 
valued functions on PGL 2 (Qi,) satisfying 

W{ng) = ey{n)W{g) 

for all n G N{Qy),g G PGL 2 (Qu). For any irreducible admissible representation tt of PGL 2 (Qi,) 
the intertwining space 

HompGL 2 (Q„) (t’’ , (PGL 2 (Q^))) 

is at most one dimensional; if the dimension is one, we say tt is generic, and we call the corresponding 
realization of tt as a space of 7V-quasi-invariant functions the Whittaker model of tt. 


We recall some facts from [God70) . §16. Let tt be an unramified principal series representation 
TT = Indp(x® with y unramified, where P is the standard Borel subgroup of G. Then tt has 
a unique Ky fixed vector. The image of this iF^-fixed vector in the Whittaker model, call it IFn-, 
will be Ky-'mvaiiarA on the right, and A^-quasi-invariant on the left. By Iwasawa decomposition in 
order to calculate the values of IIG it suffices to know the values of the function along the diagonal 
subgroup. We have 




Written compactly we have 

'a 




where 


Also by definition 


9 '') m>0; 

0 m < 0 

' -m/2 x(^r+^-x(^r^ m>0; 

^ x(ra)-x(ro) — ’ 


0 


m < 0. 


I ii/2„u I ^xMx(a)-x(ix7) ^x(a) 

= |a| ctio(a) -- - 

x(w) - X(^) 




cho(a) = 


1 X 
1 


1 if aGO 
^0 ifa^O. 

gk I = 'ipy{x)W^{g), 


where —>■ is the standard additive character of < 


Lemma 2.1. We have 


where 


^ ^m(l/2-s)y^fr^^ \=L{s,7t) 

m=0 ^ ^ 


L{s,tt) 


1 

(1 - x(^^)9"®)(l - ' 


Let us also recall the automorphic Fourier expansion [Gel75[ P. 85]. If </> is a cusp form on PGL 2 
we have 

^{ 9 )= E 1 )^) 

agQx ^ ^ 


with 
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2.4. Eisenstein series. By Iwasawa decomposition, any element of PGL 2 (Q„) can be written as 

3v - TlyQyky 

with riy € N{Qy),av G A{Qy),ky G Ky. Define a function Xv,p by 

Xv,P • 9v ~ TlyQjyky I ^ 

where we have represented an element in A(Qi,) in the form 

(Xv 


1 / ' 


We set 


n 


xp ■= W Xv,p- 


We note that for 7 G P{Q), we have Xp{.19) = Xp(,9) any g G G(A). Moreover, x~p^ is the usual 
height on P^(Q) = P(Q)\G(Q) which is used in the study of height zeta functions for generalized 
flag varieties in [FMT89] . Define the Eisenstein series E{s,g) by 

E{s,g)= ^ x{s,9) 

7gP(Q)\G(Q) 

where x(s, 5 ) := Xp{.9Y^^^‘^■ For later reference we note the Fourier expansion of the Eisenstein 
series |Gel75[ Equation 3.10] in the following form: 


E{s,g) = xp{9y^^'^ + 


A(2s) 
A(2s + 1) 


Xp{9) 


-s+ 1/2 


1 


C(2s + 1) 


E 


c(eQ>< 


a 


Here Ws{{gy)y) = Hi; A^s,v{gv), where for v < 00 , Wg^y is the normalized AT^-invariant Whittaker 
function for the induced representation Indpd.j'* G) ].]“'*), and for v = 00 , 


Ws,y{g) = / XP,-L 


1 X 
1 


s+1/2 


' dx, 


where w = 


1 


-1 


is a representative for the longest element of the Weyl group. This integral 


converges when 5R(s) is sufficiently large, and has an analytic continuation to an entire function of 
s. We also have the functional equation 


where g G G(A). We note that 




R.ess=i/ 2 £’(s,g) = 


2A(2) tt' 

The following lemma, generalized by Langlands |Lan 66 ) . is well-known: 
Lemma 2.2. We have 

1 

^eSy=i/2E{y,e) = 
where e G G(A) is the identity. 


vol(G(Q)\G(A))’ 


Proof. For any smooth compactly supported function / on (0, -boo), we define the Mellin transform 

by 

dx 


/(■s) = / fix)3 


Mellin inversion says for ct 0 


fix) = 


P (7 + ZOO 


27ri 


/(s)x'* ds. 
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We also define for g G G(A) 


^fig) = xphgY^^fixpiig))- 

76 P(Q)\G(Q) 


We have 


^/(5) = H 

7eP(Q)\G(Q) 

^ /‘(T+200 

J (j—ioQ 
'1 


xp(7g)^/^ 

J a—ioo 

f{s)E{s,g) ds 


/(s)Xp(7g)"ds 


= / 


ReSs=i/ 2 £'(s, g) + 


n-\-i00 


2Tri 


f{s)E{s,g) ds. 


As the residue of the Eisenstein series at s = 1/2 does not depend on g, we have 


L 


G(Q)\G(A) 


0/(g)dg = / U Res«^i/ 2 i?(s,e)vol(G(Q)\G(A)) 


1 

27ri 


p + ZOO 


/G(Q)\G(A) J-icx 
We now calculate the integral of 0/ a different way. We have 


f{s)E{s,g) ds dg. 


/G(Q)\G(A) 


6'/(g)d5 = 


/P(Q)\G(A) 


xp(g)^^V(xp(g))d5 


K JA(Q)\A(A) Jn{Q)\n{A) 

|a|-i/V(H)d"a 


Xp(pafc)^/V(XP (nak)) dn da dk 


/'OO 

rol(Q^\A^) / x-^/^fix) 

Jo 


dx 

X 

v [ i ), 

where A'^ is the kernel of the norm N : A^ —>■ . Since Q has class number one, we conclude that 
vol(Q^\A‘^) = 1. Comparing the two expressions for J 9f gives the lemma. □ 

2.5. Spectral expansion. Let / be a smooth bounded right K- and left PGL 2 (Q)-invariant 
function on PGL 2 (A) all of whose derivatives are also smooth and bounded. Here we recall a 
theorem from [STBT04] regarding the spectral decomposition of such a function. 

We start by fixing a basis of right iX-fixed functions for L^(G(Q)\G(A)). We write 

l 2(G(Q)\G(A))^ = © Li, 

where Li the trivial representation part, Li^p the cuspidal part, and Li the Eisenstein series 
part. An orthonormal basis of this space is the constant function 

(t^resig) = 


v/vol(G(Q)\G(A)) 


The projection of / onto Li is given by 

/(g)res = (/; </res)</res(g) = 


vol(G(Q)\G(A)) 7 pgl2(Q)\pgl2(a) 


/(g) dg. 
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Next, we take an orthonormal basis for where tt runs over all automorphic cuspidal 

representations with a it'-fixed vector. We have 

/ (ff)cusp 

TT 

This is possible because dim(7r^) = 1 for any tt. Indeed, by Tensor product theorem, we have 
TT = TTy where is a local cuspidal representation. Taking the i^-invariant part, we conclude 
that TT^ = Since tt has a non-zero itT-fixed vector, the local representation also has 

a non-zero it'i,-fixed vector. This implies that 7r„ is the induced representation Indp(x ® x~^) 
of some unramified character y for P{Fy). Now it follows from the Iwasawa decomposition that 
dim(7r^’') = 1. 

Finally we consider the projection onto the continuous spectrum. We have 

fi9)eis = ^ [ {f,E{it,.))E{it,g)dt. 
d-TT Jr 


We then have 

/(ff) = f{9)res + /(5)cusp + /(5')eis 

as an identity of continuous functions. 


3. Step one: one dimensional automorphic characters 
In this step we study the function Z{s,g)res- We have 


JGm\G{A) 

We consider the local integral 


Z{g,s)dg= H{g,s) ^dg = Y[ H„( 5 ,s) Mg 


/G(A) 


G((0„) 


[ H.(g,s)-Mg= f Hi(g)—^H2(g)-^-“|detg|Mg. 

Jg(q„) Jg(q„) 


3.1. Non-archimedean computation. Here we will use Chambert-Loir and Tschinkel’s formula 
of height integrals. Let F be a number held. We hx the standard integral model Q of PGL 2 over 
Of where Oj’ is the ring of integers for F. Let w be a top degree invariant form on Q dehned over 
Of which is a generator for ^^|/spec(c>p)■ non-archimedean place v G Val(F), we denote 

its the z;-adic completion by Fy, the ring of integers by Oy, the residue held by F„. We write 
the cardinality of F„ by g„. For any uniformizer 'n7,we have \va\y = Then it is a well-known 
formula of Weil that 


'G(0„) 


d|.9|„ = g-MG(F„) = 1 - 


We denote this number by a„. Then the normalized Haar measure is 


<^9v = 


d|aj|i, 

Qy 


so that /qj-q ) dg^ = 1. The variety X has a natural integral model over Spec(OF), and it has good 
reduction at any non-archimedean place v. Thus Chambert-Loir and Tschinkel’s formula applies 
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to our case. (See [CLTlOl Proposition 4.1.6].) Note that —div(w) = 2D + E, so we have 
[ Hy{gy,s,w)-^dgy=a-^ [ Ht'* d|a;|^ 


= 


JX(F^) 

= a-i(g-3#G(F„)+g, 




— 3_du__j_ 

" gr'-l 


#.D°(F„) 


— ^ jij^o \ , —3 ^ Qv 1 


g(f-i 


#G°(F„) + g, 


V „s-l 


- 1 - 1 


#DnE(F,)) 


1 - 


3.2. The archimedean computation. We have 
Hi( 5)—«H2(5)-*-"'|detgrd5 


/PGL 2 (R) 


Hi 


1 x\ (a 
1 


1 


H. 


1 x\ fa 


laP-M^a 


(a^ + cc^ + 1) 2 jaj® ^d^adx. 

Do a change of variable a = \/a;2 + 1/? to obtain 

(^J + 1)T |/3|"-i d^/3^ . (^J (x^ + 1)—/2-1/2 

Now we invoke a standard integration formula. Equation 3.251.2 of |GR07j says 

^OO -I 

I x>^-\l + x^r-Ux = -B{f^,l-F-f^) 

provided that > 0 and + i/r) < 1. This implies that 


Jrx 




r(^) 


provided that 5i(s) > 1 and ^{w) > —1/2. Similarly, 

,1 W, r(i)r(H) 


jl(P + ir”/"-'/"ci=» = B(5,f) = 


. , ri-) 


r(H^) ''•■r(HM) 


provided that ^{w) > 0. Consequently, our integral is equal to 


.r(^)r(f) 


' S —1 \‘P / ?£ ^ 
__2j 

r(^) 


if 5J(s) > 1 and JJ(w) > 0. 

Thus if E = Q we obtain 

= ia,A, '■ r(^) <(. + ») = A0 + ») 

where 

A(u) = 7r““/^r(M/2)(/(M) 
is the completed Riemann zeta function. 
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3.3. An integral computation. For use in a later section we compute a certain type of p-adic 
integral. Suppose we have a function / given by the following expression: 


/ n 


k] = 


1 

for a fixed complex number r. Here n G N{F) and k G K where F is a local field. We would like 
to compute the integral 


'G(F) 




By the integration formula this is equal to 

[ [ |a|"+"-^max{|a|,|x|,l}-"-“d^adx 
JF JFx 

= 11 |a|"+"-^max{|a|,|x|,l}-("+")-(“-")d^adx 

JF Jpx 

Jg(f) 


/G(F) 

by the integration formula. We state this computation as a lemma: 

Lemma 3.1. For f as above we have 

f /(g)Hi(g)--H 2 (g)—-|det gl- dg = T ~ . 

Jg(F) Cf[s + w) 

if F is non-archimedean. In the case where F = R, the value of the integral is 


r(^) 


4 . Step two: the cuspidal contribution 

In this section tt is an automorphic cuspidal representation of PGL 2 with a F-fixed vector. We 
denote by tt^ the space of F-fixed vectors in tt which is one dimensional, and we let be an 
orthonormal basis for . We let 


g)cusp — 'y ^ (^('^1 Oi f'-Tr)ig)■ 


We have 


(Z(s, .),(/)^) = / <^^(g)H(s,g) Mg. 

Jg(A) 


/G(A) 

By the automorphic Fourier expansion we have 

(Z(s,.)MM= E [ 

aeFx "'GW 


^^g^H(s,g) Mg 


The good thing about the use of the Whittaker function is that they have Euler products, so we 
may write: 

W^A9) = 1[W^A9v), 

V 

where tt = is the restricted product of local representations. For a G F^ we set 

Igf (C 1) Hi(ffr-^H2(g)-^-“'|detg|Mg 
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4.1. V non-archimedean. In this case, 7 r„ is an unramificed principal series representation, so it 
has the form of 

Indp(x(8)X"^), 

where x is an unramified character of P{Fy) which only depends on tt^. 

We will need the following straightforward lemma: 

Lemma 4.1. For an unramified quasi-character rj and y G Fy define 

Iiv^y)= / r]{u)ipy{yu) du, 

J |«|>i 

where ipy : Fy ^ is the standard additive character. 

Then for y ^ O, I{r],y) = 0. If y G O, then 

iiv,y) = -. - _i / M y) \y\ - - _w v 

l — q 17 ( 137 ) 1 — 9 17 ( 137 ) 

in particular, if y G , then I{r/,y) = — 17 ( 137 )“^. 


We have 


m^lj 


1 x\ ( t37" 


a 


1 


1 x\ fvj' 


da: 


Hi 


1 x\ (VO 






’ F^ 


1 x\ f VJ 


ipy{(xx) dx 


= E 


^m—ms 




m^Z 


azu'‘ 


' Fv 


max{l ,(7 ’",|x|} “i/>„(aa:)dx 


The first observation is that if a ^ O, then Jy{a) = 0. In fact, in order for 
be non-zero, we need to have m > —order > 0. In this case, 

max{l, |x|} = max{I, |a:|}. 

Next, 

j max{l, |a:|}“'’““''0.u(Q;a;) da: = j iljy{ax) dx-G j |a:|“®““''0.„(Q;a:) dx; 
aF„ Jo J\x\>i 

the first integral is trivially zero, and the second integral is zero by the lemma. 

We also calculate J 7 r„(a) for a £ by hand. By what we saw above, 


azu 


to 


JnAc,) = Y, 


m>0 


'F^ 


max{l,|x|} '^ipy{ax)dx 


= E 


m>0 


VJ 


/ 'tfy{ax)dx+ / |x| ® '^'tpy{ax)dx 

to J\x\>l ) 


= {\-q-^-)Y 


m>0 


zu 


(after using the lemma) 


= (1 - q-^-^) Y 


m>0 


VJ 


= (l-g-^-“')L(s-1/2,71,). 
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Suppose that a G O, i.e., a = where fc > 0. Using the integration formula, we have 


Jtttj (ei) — / 
JG 




G(FJ 


a 


9 ) H(5,s,'u;) Mg 






Fv 


= 11 ^ 

mGZ 

m^Z 




a 


a 


1 x\ ( ro” 
1 x\ ( tu” 


1 a; \ / ro" 
1. 

1 a;\ w" 


-1 

, s, w 1 dx 


-1 


dx 




K 


1 ax \ / azu' 
1 


1 x\ fw 


s, ui dx 


m^Z 






1 x\ (w 


s, ui I 'ipv{ax)dx. 


Using an explicit computation of Whittaker functions, we have 


M„(a) = E ^ 

m> — k 


-xM 


— m —fc —1 


xM - xM ^ 

Then we decompose this inhnite sum into two parts: 


Fv 


1 x\ (W 


, s, lu I tj}y{ax) dx. 




m+fc+1 


H 


m^ — k 


fF^ 


1 x\ (w 
1 


-1 


, s, w I '4)y{ax) dx 


= |a|"xM 


IF^- JFv 


|t| 2^(Q,i)chc)(aa)H 


1 


1/ \ '0j;(ax) dt^dx 


= |a|^x(w) / H(p,s,w) ^tj}y{ax)\t\ 2x(at)cho(at) dp, 

JPiFv) 

where P is a Borel subgroup and dp is a right invariant Haar measure. Similar computation works 
for the second part, so we have 

1 

I ^ I ^ f 

J^v{ot) = —i—\ - "( \ 1 (x(^) / \\{p,s,w)~^'tp^{ax)\t\~^x{at)cdo{at)dp 

xM - x(M Jp{Fv) 

/ H{p,s,w)~'^'il)y{ax)\t\~^x{o-t)~^cho{at)<lp) 

JP(Fv) 

1 

— - xM"^M(a))- 


x(w) - x(^^) ^ 

Here each integral is given by 


J+^(a) = / H(p,s,'u;) Vi;(aa;)|t| 2;^(at)chci(at) dp, 

Js{Fv) 

J~ (a) = / H(p,s,w;)“V«(aa;)|t|“^x(at)“^chc)(at)dp, 

Js(Fv) 


IS{Fv) 

where S is the Zariski closure of P in X. 

This type of integral is studied by the second author and Tschinkel in |TT12j . They studied 
height zeta functions of equivariant compactifications of P under some geometric conditions. 

The surface S is isomorphic to = {c = 0} C P^. The boundary divisors are Pi = {c = d = 
0} = P n S' and Pi = {a = c = 0} = P fl S. Let w be a right invariant top degree form on P. Let 
P = {6 = c = 0} C P^. Then we have 

div(u;) = —Pi — 2Pi, div(t) = Pi — Pi, div(x) = P — Pi. 
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We denote the Zariski closures of S, F, Di, and Ei in a smooth integral model X oi X over 
SpecO by S, F, Vi, and £i respectively. They form integral models of S, F, Di, and Ei. Let 
p : S{Ey) —>■ 5(F„) be the reduction map mod vu. Then we have 

'^i(a)= / H{p,s,'w)~'^'il;y{ax)\t\~^x{at)cho{at)dp,:= V J+(a,r). 


r-G^CF^) 


We analyze J+^(a,r) following |TT12] . When r £ we have 

Y] = X(a)dp = x(a). 

^ Jg(0) 


rGG(F„) 

When r £ {Vi \ Fi)(F„), we have 


(a,r)=x(a) / H(p,s,w) ^iljy{ax)\t\ = T^/(at)ch ©(at) dt^da:, 

Jp-^{r) 

= X(a)(l - 9 "^)”^ [ H{p,s,w)~^'tpy{ax)\t\~Y{t)ci^o{at)(iA\v 

Jp-Hr) 

= X(a)(l - [ H{p,s - l,w - 2)~^'ipy{ax)\t\~Y{t)c^o{at)dTy 

Jp-Hr) 


! p-^(r) 

where dxy is the Tamagawa measure. Then there exist analytic local coordinates y, z on p~^{r) = 
such that 

JtAax) = x{a)A-(rA~^ [ \y\Y\y\v^x{y)^y^z, 


= x(a)- / |y|^ "x( 2 /)dy' 

9 Jm,. 


= xia)-YiY^~"^^xi^)r, 

^ m=l 


+ 00 


= X(a) 


1 g-(«-5)xM 


9 1-9 

If r G {£i \ 'DiU J^)(F„), then there exist local analytic coordinates y, z on p~^{r) such that 
= x{a)A - [ \y\v~'^'(l^v{ay~'^)\y\ix{yYc^o{ay~^)dydz, 

= x(a)- [ \y\v~^x{y)~^cho{ay~Ady'', 

/c 

= x(«)-E(9-^“'-^)xM-'r. 

^ m— 1 

Suppose that r G (Hi fl Fi)(F^). In this case there exist local analytic coordinates y,z on p~^{r) 
such that 

=x(a)(l-9"^)"^y^ \y\A^\z\v~^i’v \y / z\v ^ x{y / {ay / z) dydz 

= X(a)(l - 9"^) J ^ \ y \ T ^\ z \ v~^ilJv x(2//^)ch (ay/z) di/^dz^ . 

Now we need the following lemma: 

Lemma 4.2. 

r 1 ifP&o 

tl}y{Px)dx'' = < if0Td{A = -1 

[ 0 z/ord(/3) < —2 
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Using this lemma, we have 

= [ \y\T^xiy)dy^ 

m=l 

/ \y\v~^xiy)dy'' 

Q J m,. 




q 






1 - 5-(-i)x(tn) 
q-U-^)x(n7) 


Now assume that r G {£i fl J^)(F„). Then there exist local analytic coordinates such that 

JnA<^,r) = x{a){l - q-^)-^ [ \y\'!^-^^y{az/y)\y\^x{y)~^cho{a/y)dydz 

Jml 

= x{o) [ \y\v~^'il^v{az/y)xiy)~^choia/y)dy'^dz 

Jml 

/c 

Putting everything together, we obtain the following 


=x(a) + '^i(au) 

r-e(I5l\ei)(F„) rG(£i\CDiU:F)(F„) 

rG(I5in£i)(F„) 


= X(a)(l 




1-9 ^ 2 ) x ( to ) 






9 ^^xM 

1 - q-(‘^-i)xi'!^) 


9 1-9 ='’x(^^7) 


The same formula holds for J^^{a) by replacing x with x From these expressions, we conclude 
the proof of the following lemma: 

Lemma 4.3. Let 0 < (5 < ^ be a positive real number such that 

q~^ < IxMl < 9^- 


Then the local integral J,r„ (ci) is holomorphic in the domain 5ft(s) > 


1 

2 


+ (5. 


We state an approximation of Ramanujan conjecture: 

Theorem 4.4. \LE,S9!^ There exists a constant 0 < <5 < ^ such that for any non-archimedean 

place V and any unramified principal series tt^ = Indp(x ® X~^) arising as a local representation 
of an automorphic cuspidal representation tt in L^^gp(G'(Q)\G'(A)), we have 

< IxMl < qt- 
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We proceed to compute JTr^{a). 

= X(^^a) - 

+ L{s - 1/2, tt) - (x(wa) - 

k 

+ ^ ^-(-1) (x(i:^—+ia) - x(t:^7-™+ia)-i) 

m=l 

k 

+ (l-g-i)L(s- l/2,7r) ^ q-(«-5)-™(“-5) 

m=l 

- iL(s - l/2,7r)g-(^-5)-('=+i)(—5) (x(iz7-'=+ia) - 
Now using Whittaker functions, we summarize these computations in the following way: 

J^Ao^) = («) -xM"V;;(a)) 

k 

= W^Aa) +L{S- 1/2, n) (g-("-i)W^„(ati7) -9-2(«-5)w^„(a)) + ^ (aro-'") 

m=l 

+ (l-g-i)L(s- l/2,7r) ^J2 (aro"™)^ 

-L(s- l/2,7r)g-*-('^'+i)“' 

To obtain an estimate of this integral, we use the following lemma: 

Lemma 4.5. Let 0 < 5 ^ be a positive real number such that 

q~^ < \x{'^)\ < q^- 

Then we have 

\W^A'^'^)\ < 2mq-'^A-^) 

We come to the conclusion of this section. We let 

A = {(x,2/) e I X > 1, x + i/>0}, 

and 

Ta = {(s,u;) G I (5R(s),5R(u;)) G A}. 

Lemma 4.6. Let K G A be a compact subset and a € 0 \ . Then there exists a constant 

Ck > 0 which does not depend on v, a and iTy such that 

Ir / w ^ ^ \p\^A I 

At^Ao^U < CKv{a)\a \^——, 

ouTk where p = max{—5i(w) | {s,w) G Ta-}. 

Proof. Suppose that {s,w) G T^-. Let k = v{a) > 0. We apply Lemma 0^ to bound J 7 r„(a): 


\J.Aa)\ < \L{s - l/2,7r,)||ar(4|W^„(a)| + \W^Aa^)l + \W.Aa)\+4j2 I(at^“™)| 

m—1 

k 

+ J 2 + \W.Aa^~m) + 1 ) 

m—1 

k k 

< |L(s- l/2,7r„)||a|^(C'i + 5 ^ 2(k - m)q-‘^'^-^'>A-^') + ^ 2(fc + 1 - 
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where Ci is a constant which does not depend on v or a. Let 0 < e < ^ — S. Then there exists 
another constant C 2 such that 

k k 

5^2{k- ^ 2 (A: + 1 - 

m—l m—1 

k 

m—l 

Hence our assertion follows. □ 


4.2. V archimedean. Let tToo be an unramified principal series Indp(|.|^ 0 |.| with a iiToo-fixed 
vector for some complex number /x. Its Whittaker function satisfies 




1 X 
1 


t 


1 


cos 9 — sin 9 
sin 9 cos I 


— V^oo(^)bL7r 


t 


1 


where ipo 


is the standart additive character, and the function 


is given by 




1 


^*+ 1/21 + 11/2 

= 2^.^-N^Xp(2^|t|), 


r(^ + l/2) 

where is the modified Bessel function of the second kind. See |GHlll Proposition 7.3.3]. 

However, later we normalize the Whittaker function at the archimedean place by = 1, so 

we may assume that 




K^{2tt) 


K^{27r\t\) 


The fact that decays exponentially as t —>■ 00 gives us the following lemma: 


Lemma 4.7. The local height integral is holomorphic in the domain defined by 5R(s) > 1 

and 5R(s + w) > 0 . 


Proof. Proposition 4.2 of [CLTIO] shows that is holomorphic in 5J(s) > 1 and > 0. 

We extend this domain by using the rapidly decaying function Since our height is invariant 
under the action of Koo = S 02 (M), using the integration formula we have 


J TToo (^) 



gjH{g,s,w) ^ dg 
H(p, dip 

H(p.s, w)~^'foo{ 0 'X)\t\~^ dxdt^, 


where S is the Zariski closure of P in X. Let {C/^} be a sufficiently fine finite open covering of 5'(R) 
and consider a partition of unity subordinate to this covering. Using this partition of unity, we 
obtain 

(4-1) = H(p.s,w;)“Voo(Q:a:)|t|“^ 6 >,,dxdt^. 

Q J ^(K) \ \ / / 

Suppose that Urj meets with Ei , but not Di. Then the term corresponding to 77 in (14.11) looks like 



‘^{yP,S:w)\yr ^)dydz, 


where $(y, z, s, ui) is a bounded function with a compact support. Since the Whittaker function 
decays rapidly, this function is holomorphic everywhere. Note that a is non-zero. 
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□ 


Next assume that Urj contains the intersection of Ei and Di. In this case, the term in (ED 
looks like 

[ ‘^{y, z, s, {az/y) dydz, 

Applying a change of variables by z = z' and y = y'z', it becomes 

[ ^{y'z, z\ s, dydz. 

This integral is absolutely convergent if 5ft(s + w) > 0. 

Lemma 4.8. Let be a left invariant differential operator on X. Then the function 

d^{^ooig,s,w)-^) 

Hoo{9,s,w)-~^ 

is a smooth function on X (R). 

Proof. See the proof of Proposition 2.2 in |CLT02j . 

Here we use an iterated integration idea. Let 


□ 


h = 


1 


- 1 / ’ 


v+ = 


0 1 
0 0 


V- = 


0 0 
1 0 


and think of them as elements of the universal enveloping algebra of the complexified Lie algebra 
of PGL 2 (K). The Casimir operator is given by 

h 

n = — - - + V+V-. 

Then we have 

As a result for any integrable smooth function / such that / is right AToo-invariant and and its 
iterated derivatives are also integrable, we have 


/G(R) 


f{9)W. 


1 


d5 = A-^ / 


aG(R) 

1 

II 

^^f{p)W^^ 

ap(R) 

= K^a-^ 

[ (i-) 


/p(M) \dx J 


at 


9j<^9 
fiiax) dip 


M 


{n^f{p))w^^ 


at 


tpociax) dip 


Note that fl^/(y) is right AToo-invariant because H is an element of the center of the universal 
enveloping algebra. Hence we have 

M 


'G(R) 


figWn^ {g)dg 


-N^-M 


< \- a 


A 

dx 


n^f 


IIW^^oolloO. 


We will apply this simple idea to our height function 
We define the domain A by 

A = {(a:, y) e I a: > 1, a: + y > 2}. 

Lemma 4.9. Fix positive integers N and M. Let K be a compact set in A. Then there exists a 
constant C depending on N, M, AT such that we have 

— ] n^H{g,s,w)~^ < C'H(y,5i(s),5i(u;))"^ 

for all g € G(R) and s,w such that (s^w) € Tk- 
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Proof. First note that d/dx is a RIGHT invariant differential operator on P 



More¬ 


over the surface 5" is a biequivariant compactfication of P so that the differential operator d/dx 
extends to S. Now our assertion follows from Lemma [4.81 □ 


Combining these statements with the computation of ||H( 5 ,s,w) ^||i = (Z, l)oo gives the fol¬ 
lowing lemma: 


Lemma 4.10. Fix positive integers N and M. Let K be a compact set in A. Then there exists a 
constant C only depending on N, M, K, but not tToo o,nd a such that 

whenever {s,w) €Tk- 


Proof. We need to obtain an upper bound for the integral 

[ H(g,5R(s),5J(u;))-iW,^ ] dpi. 

Jp{R) \ 

First note that by an approximation of Ramanujan conjecture, there exists 0 < 5 < 1/2 such that 
|5 R(m)I ^ Let e = min{5ft(s -|- w) — 2 | (s, w) £ k} > 0. 

Suppose that 5J(u>) > e/2. Then the above integral is bounded by 

11^-Jloo ■ 

It follows from results in Section [5] that we have 


Finally note that Ajr = (1/4 — /i^), so our assertion follows. 

Next suppose that there exists a positive integer m such that e/2 < 5R(ui) -|- m < 1 -I- e/2. In 
this situation, we have 5R(s) — m > 1 -I- e/2. It follows from Lemma [3.II that 


/P(B) 




at 


1 


dp; 


< a 


-r( 


3^(s)—m—1 ?R(u;)+m 


-) 


jR(s+m) ^ 




Again it follows from Section [S] that 


Thus our assertion follows. 


□ 


4.3. The adelic analysis. As Z is right AT-invariant, the only automorphic cuspidal representa¬ 
tions that contribute to the automorphic Fourier expansion of Z are those that have a A"-fixed 
vector. Let tt = be an automorphic cuspidal representation of PGL(2). By a theorem of 

Jacquet-Langlands every component 7r„ is generic. See |JL70[ Chapter 2, Proposition 9.2]. Let 
be the Lf^-fixed vector in the space of 7r„ normalized so that II4-^(e) = 1. Let be the 
AT-fixed vector in the space of tt normalized so that {(/mf’-K) = 1- Then 


Note that 
Indeed, we have 


Hence we conclude 


W^^=W^^{e)-Y[W^^. 

V 


W^^{e) < ||/),7||oo 


W^Jg) 




i/i{—x) dx. 


mA9)\< 



dx < Halloo vol(Q\A). 
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We have 






aeF>’ 


/G(A) 


^^g^H(s,g) ^dg 




q ;=1 V 

Note that for any non-archimedean place v, we have = 0 ii a ^ Oy. Also note that 

Lemma 4.11. The series 

CO 

J-K = <Ar„ (a) 

Oi—']. i;<oo 

is absolutely convergent for 5R(s) > 3/2 + e + (5 and 5ft(s + rc) > 2 + e for any real number e > 0. 
Furthermore, let A = {(cc, y) G | a; > 3/2 + 5, a; + y > 2} and K be a compact set in A. Then 
there exists a constant Ck,n > 0 independent of tt such that 

L{s-1/2 ,tt) 


\J.\< K^Ck, 


N 


C(s + w) 


for any {s,w) G T^f. 

Proof. To see this, define a multiplicative function F{a) by 

F{p>^) = Cik 

where Ci is a constant in Lemma 14.61 By Lemma 14.61 and Lemma 14.101 we know that 

.-AT ~ 




CoX: 


C(s + w) 


F{a). 


Thus we need to discuss the convergence of Formally this infinite sum is given by 


n 1 +E 


Cik 


nkM 


k^l - 


Then the product 




absolutely converges as soon as M >1. Thus we need to show the convergence of 

k 


kM • 


('‘■2) Ei: 

p k=2 ^ 

Let e > 0 be a sufficiently small positive real number. Then there exists a constant C 3 such that 

k 


P‘ 


:ke 


<C3 


for any k and p. Then the infinite sum (14.21) is bounded by 

^3 E E ^ = ^3 E E^ 

p k=2 ^ p ^ p 

The last infinite sum converges if M > 1 and e is sufficiently small. 

Now look at the cuspidal contribution 


-2(M-e) 


□ 


■^('5)cusp — e)cusp — ^ *)’ */'n')07r (^) • 
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Lemma 4.12. The series ^(s)cusp is absolutely uniformaly convergent for 5ft(s) > 3/2 + <5 and 
5R(s + w) > 2, and defines a holomorphic function in that region. 


Proof. We have 


TT 

CXD 

<^|2W^,(e)</.(e)|^|J.^(a)|. 

TT 


J-lTv (oj) 


1?<00 


,-N 


L{s-1/2, tt) 


C{s + w) 

<^CsY,U^\\l-X-^\L{s-l/2,n)\ 

TT 

^CsY,UAI-K 


,-A 


by the rapid decay of the it'-Bessel function. This last series converges for N large. See Theorem 
7.4 of jSTRTndj . □ 


5. Step three: Eisenstein contribution 
For ease of reference we set 




and 


E{s,g)nc = 


C(2s + 1) 


E >*'• 


aeQx 


1 


where s G C, g G G(A), and xp, Wg are introduced in Section Note that we have the Fourier 
expansion of the Eisenstein series: 


E{s, g) = E{s, g)c + E{s, g)nc- 
We will be considering integrals of the form 

1 


Z(s,9)eis :=^ 


/G(Q)\G(A) 

First we examine the inner integral. As usual we have 


Z{s,h)E{it,h) dh E{it,g)dt. 






/G(Q)\G(A) 


/G(A) 

5.1. The non-constant term. We let 


Z{s,h)E{it,h)dh = [ E{-it, g)cllis, g) ^ dg 
Jg{A) 

+ [ E{-it,g)ncH{s,g)-^ dg. 

Jg(a) 


Inc{s,t)= [ E{-it,g)nc^{s,g) ^dg 
JG(A) 

En ^ 


1 


C{-2it + l) 


W-,, 


aeQx V 


/G(Q„) 


it,v 


a 


9v ) 


We define 
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For any non-archimedean place v, Ws,v satisfies the exactly same formula for the Whittaker 
function of a local unramified principal seires 7r„ = Indp(x® x“^) by replacing x by | • |®, i.e., 
we have 

for any x € Qv, a € , and k G Ky. Moreover we have 

\ f Efco m > 0 ; 

1/^0 m < 0. 

Hence the computation in Section [4.11 can be applied to Jt , v { pt ) without any modification. We 
summarize this fact as the following lemma: 



Lemma 5.1. Let v be a non-arehimedean place. The function Jt,v{ot) is holomorphic when 5ft(s) > 
If a ^ Oy, then Jt,v{a) = 0. If a G , then we have 

r ( s _C,y{s + it-l/2)fy{s-it-ll2) 

Jt,y\Oi) — /- ( \ \ 

C,y[S + W) 

In general, let A = {(a:, ?/) € | a: > 3/2, x + y > 2} and K be a compact subset in A. We define 

p = max{—| (s,w) G Tp-}. Tnen there exists a constant Ck > 0 which does not depend on 
t, V, a such that 

IT ^ M ^ M IP IC«(s + - l/2)C«(s-*i-1/2)1 

< Cv{a)\a\P - , ^| -• 

|Cp(s + w)| 

For the archimedean place v = oo, the Whittaker function is given by 

'a 


W.,. 


1 


^s+l/2|„|l/2 

= 2 „, L, j^.( 2 ^|a|). 


F(s + l/2) 


Moreover for the Casimir operator H, we have 


1 


llH/.oo — I t: + s 


- s W. 


As the discussion of Section in we conclude 


Lemma 5.2. The function Jt,oo{oL) is holomorphic in the domain 5ft(s) > 1 andift{s + w) > 0. Fix 
positive integers N and M. Let K be a compact set in A. Then there exists a constant Cn,m,k 
only depending on N, M, K, but not t and a such that 

|^t.oo(a)| < Cn,m,k{I + t‘^)~^a~^ 

whenever {s,w) G Tk- 


Finally the discussion of Section H751 leads to the following lemma: 


Lemma 5.3. The series /nc(s,t) is absolutely convergent for ^[s) > 3/2+ e and^{s + w) > 2 + e 
for any real number e > 0. Furthermore, let K be a compact subset in A. Then there is a Ck,n > 0 
independent of t such that 


|dnc(s, t)\ < (1 + 


C(jR(s) - 1/2)^ 
^’^|C(-2it+l)C(s + u;)|' 


The results of §4 and §5 of [STBT04] show that 


/nc(s,t) • E{it,g) dt 


is holomorphic in the domain 5ft(s) > 3/2 and 5ft(s + i/;) > 2. Note that it follows from Theorem l8.4l 
that |C(1 + 2zt)|“^ <C log |t|, so this does not affect convergence. 
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5.2. The constant term. The issue is now understanding 

= [ E{-it,g)cH{s,g)-^ dg 

Jg(a) 




Xp(5r‘+'/"H(s,g)-id5. 


= / XP{9) ^dg+ 9 . , .w 

Jg{A) A[—2it + 1) Jc{A) 

A(s — it — 1/2) A{w + it — 1/2) A(—2it) A{s + it — 1/2) A(w — it — 1/2) 

A(s + w) ”*"A(—2it + l) A(s + w) 

The last equality follows from Lemma 13.11 We then have 

^ f Hs-it-l/2)A(w +it-1/2) 

/ I^{s,t)- E{it,g)dt = 2 / - . , . - ^-E{it,g)dt 

Jr Jr A(s + w) 

after using the functional equation for the Eisenstein series. We denote the vertical line defined by 
5R(z) = a by (a) for any real number a G R. Assume 5fts, 0. We then have 

A{s-y- l/2)A{w + y- 1/2) 

1 ( 0 ) 




A(s + w) 


-E{y,g)dy 


A(s-l)A(w)^ . A{s + w-2) , A(s + w-l)^, , 

■ ReSy=i/ 2 £'( 2 /, g) H-FTTmi —~ 5)-TTTmo —~ 5) 


A(s + w) 


2 

Airi 


A(s + w) 

A{s-y- l/2)A{w + y- 1/2) 


A(s + w) 
E{y,g)dy 


l{L) A(s + w) 

by shifting the contour to A + jR, for an A > 5is, and picking up the residue at 2 /= 1 / 2 , s — 1 / 2 , 
and s — 3/2. The latter integral converges absolutely for A 0. In fact, 

f A{s-y-l/2)A{w + y-l/2) 


< 




J{L) 

\E{L,g)\ 

|A(s + w)l J(L) 

\E{L,g)\ 

\A{s + w)\ 

\E{L,g)\C{L + 1/2 - jRs)C(A - 1/2 + jRw) 
|A(s + w)\ 


-E{y,g) 


dy 


A(s + w) 

■[ \Hs-y-1/2) A{w + y-l/2)\dy 
J{L) 

.[ \A{y + l/2-s)A{w + y-l/2)\dy 
J(L) 


l(L) 




dy. 


Note that \E{y,g) \ < E{^y,g). In order to see the convergence of the last integral we rewrite it as 

dA 


^T + l/2-Ks t-' 

r(- E - + 1- 


, ,A + 5ity—1/2 t + ^w. 

)r(- ^- + 


2 2 ' ^ 2 2 

This last integral is easily seen to be convergent by Stirling’s formula. 

6. Step four: spectral expansion 

We start by fixing a basis of right AT-fixed functions for A^(G(Q)\G(A)). We write 

a2(G(Q)\G(A))^ = A/^, 0 Af„,p 0 Ai. 


Since Q has class number one, A^^ is the trivial representation. An orthonormal basis of this space 
is the constant function 

" v'vo1(G(Q)\G(aT)' 

The projection of Z{s,g) onto A^g is given by 

1 A(s — l)A(r(;) 


Z(®)2?)res — (Z(s, •), (/res)/'res(2?) — 


vol(G(Q)\G(A)) A(s + n;) 
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Next, we take an orthonormal basis for iv^gp. We have 

5)cusp = 'y (ff)- 

i 

By Lemma 14.121 Z(s, e)cusp is holomorphic for 5fts > 3/2 + 5 and 5i(s + w) > 2. 

Finally we consider the projection onto the continuous spectrum. We have 

Z(s,g)eis = -p [ {Z{s,-),E{it,-))E{it,g)dt. 

47r Jr 


The discussion in Section O that 

^('^5 ^/eis — i / \ Res. 


A(s + w — 2) 


..^^y^i/ 2 E(y,g)+ E{s-Z/2,g) 

A(s + wj ' A(s + w) 


A(s + w — 1) 


E{s- 1/2, g) + f{s,w,g) 


A(s + w) 

with f(s,w,g) a function which is holomorphic in the domain 5i(s) > 3/2 and 5ft(s + ry) > 2. 


We then have 

A(s — l)A(w) 


Z(s) — Z(^S, ejres “t“ Z(^S, cjcusp “t“ Z(^S, c) 


1 


A(s + w) ivol(G(Q)\G(A)) 

A(s + w — 1) 


, J A(s + ty-2) , 

- Resy=i/ 2 £'(y, e) j + E{s - 3/2, e) 


E{s — 1/2, e) + <i>(s, w) 


A(s + w) 

with $(s, w) a function holomorphic for 5fts > 3/2 + 5 and 5R(s + w) > 2. 

Consequently, we have proved the following statement: 

(6.1) Z(s) = A(s +^- 2 ) _ _ A(s +^- l) _ ^ ^ 

A{s + w) A(s + w) 

with $(s, w) a function holomorphic for 5fts > 3/2 + S and 5R(s + w) >2. This finishes the proof 
of Theorem 11.31 

6.1. The proof of Theorem 11.21 We now proceed to prove Theorem 11.21 without the determi¬ 
nation of the constant G. We restrict the function Z{s,w) to the line s = 2w, and determine the 
order of pole and the leading term at w = 1. We have 

Z((2, l)w) = ^^l'^~^^ E{2w - 3/2, e) - - 1/2, e) + ^{2w, w). 


A(3i 


The function 


A(3w — 1 ) 
A(3w) 


A(3ry) 


E{2w — 1/2, e) -I- $(2^, w) 


is holomorphic in the domain 5Rw > 3/4 + 6/2. The function 

Hw) := E{2w - 3/2, e) 

A(3w) 

has a pole of order 2 at w = 1. The coefficient of {w — 1)“^ in the Taylor expansion of h{w) is 
given by 

. ,.2./ ^ 1 r w-1 {w-l)ReSs^i/2E(s,e) 

^ ’ A{3)w^i3w-3 

_ Ress=i/ 2 £'(s, e) 

“ 6A(3) ■ 


2w — 2 
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Hence 


lim {w — l)^h{'w) = 
10—>-1 


ReSs=i/2E{s,e) 


1 


6A(3) C(3)’ 

The asymptotic formula, modulo the determination of the constant C, now follows from Theorem 
A.l of |CLT01) . A standard computation, as presented in e.g. the proof of Theorem 1 of [DLS05| . 
shows that 

1/C(3) , C 


Z(( 2 , = w 

1/C(3) 


(re — 1)2 w — 1 
C + l/C(3) 


9{w) 


(re — 1)2 w — 1 
with g{w) holomorphic for Stw > 1 — r/. As a result. 


+ C + g(w), 

, t^ + l/C(3) 


A(3w) 


(w-iy 


w — 1 


■ffM 


for g(w) holomorphic in an open half plane containing w = 1. So, in order to determine C we need 
to determine the residue of the function appearing on the left hand side of this equation. 


A straightforward computation shows 
A(3w - 2 ) 1 11 


+ 


A(3w) 3A(3)w-l A(3) 


7 - ilog7r+ iyr 


A'(3) 

A(3) 


+ (w - l)i?i(w) 


with 'di{w) holomorphic in a neighborhood of re = 1. Here 7 is the Euler constant. 


We then recall the Kronecker Limit Formula, Theorem 10.4.6 of |Coh07] and also Chapter 1 
of |Sie80] . in the following form. We have 

with '^ 2 ( 5 ) a function holomorphic in a neighborhood of s = 1/2. The function C{g) is described 
as follows. Since Q has class number 1, we have 

GL2(A) = GL2(Q)GL2(R)+GL2(i). 

Given g G PGL 2 (A), we choose a representative g' G GL 2 (A), we write g' = jgook with 7 G 
GL 2 (Q),goo S GL 2 (R)''‘, k G GL 2 (Z). We then set T{g) = goo ■ i where the action is given by 

\7 72 : + (5 

Note that since goo G GL 2 (^)'^, ^{goo ■ i) > 0. We let y{g) = ^T{g). We then have 

C{g) = 27 - 2 log2 - \ogy{g) - 4log \v{T{g))\. 

Multiplying out, we get 

E{s,g) = -^YJ2 + f 

TTS— 1/Z \7r TT'^ J 

with ^ 3 ( 5 ) a function holomorphic in a neighborhood of 5 = 1/2. Hence, 

with holomorphic in a neighborhood of rc = 1. We also have 

C{e) = 27 - 21 og 2 - 41 og| 77 (i)|. 


A{3w - 2 ) 
A{3w) 


E{2w 


3/2, e) = 


Finally, 
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1 


1 


1 


3A(3) w - 1 A(3) 


7 - i logTT + +iw- 1)M^) 

36C'(2) 


2Tr{w — 1) \ 7 r 


+ Z^ie) - 


1 


+ -Cic) - 


36C'(2) 


{w — l)'i?4(s) 


1 1 


C(3) (w — 1)^ \7r TT^ / 3A(3) w — 1 

+A® (5) - m) 1 ) 

with i? 5 (w) holomorphic in a neighborhood of re = 1. Simplifying 

A(3w-2)^,„ , 1 1 A ^ , 

———E{2w - 3/2, e = y^ +-- + -dsiw) 

A[6W) (^(6) [W — 1)^ W — 1 

with 

1 1 94 A'('3'l 

(/(3) A = 57 - 4 log 2 - - log TT - log |?7(z)| + -7r"^/2r'(l/2) -5 -C'(2) - 


A(3)- 


Elementary computations show 


2^/tt 


r'U =-o7-log2 


A'(3) 1, 1 , „ „ C'(3) 

^ = -2log»-27-log2 + 2 + ^^ 


Also we have the well-known identity 


r]{i) = 


r(l/ 4 ) 


271^/4 

Putting everything together we conclude the following lemma: 
Lemma 6.1. lEe have 

A(3w-2)^,„ N 1 1 ^ 

^ ’-E{2w-?,/2,e) = 


+ i?5(w) 


A{3w) ’ C(3) (w — 1)^ w — 1 

where '^^(w) is a holomorphic function in the domain 5R(u;) > 1 —77 for some p > 0 and the constant 
A is given by 


C(3)A = 67—3 log 2 -I- - logTT — logP 


TT^ C(3) 


7. MANIN’S conjecture with PeYRE’S CONSTANT 

7.1. The anticanonical class. In this section, we verify that the anticanonical class satisfies 
Manin’s conjecture with Peyre’s constant, hence finishing the proof of Theorem 11.11 for the anti¬ 
canonical class. For the definition of Peyre’s constant, see |Pey95| . The NCTon-Severi lattice NS(X) 
is generated by E and E[ where H is the pullback of the hyperplane class on P^. Let Ni{X) is 
the dual lattice of NS(9f) which is generated by the dual basis E* and El*. The cone of effective 
divisors Aeff(9f) C NS(X)r is generated by E and H — E. We denote the dual cone of the cone 
of effective divisors by Nefi(X). Any element of this dual cone is called a nef class. Let da be 
the normalized haar measure on Ni{X)k such that vol(A^i(X)R/Afi(Ar)) = 1. The alpha invariant 
(see |Tsc091 Definition 4.12.2]) is given by 

a{X) = f = f dj/=-^. 

./Nef(A) J {x>0,y-x>0} 12 

Next we compute the Tamagawa number. Let uj G r(PGL 2 , llpGL 2 /Spec(z)) ^ nonzero relative 
top degree invariant form over Spec(Z). This is unique up to sign. Our height induces a natural 
metrization on 0{Kx), and it follows from the construction that 

= 2 ,w = 1 )“^ = ||a;||„. 





























EQUIVARIANT COMPACTIFICATIONS OF PGLa 


27 


The normalized haar measure dgy is given by \u)\y/ay at non-archimedean places, hence we have 

TxAX{Fy)) = [ dTx,y = f d^ 

Jx{F„) Jx(F^) II^IU 

[ Hy{gy,s = 2,w = l)~^dgy = {l-qA)- ^ 

Jg(f„) ( 


= ay 


lG{Fy) 

For the infinite place v = oo, we have 


(1 Qy )(1 qy ) 


Hoo(f/oo5'S — 2,rc — 1) — llcalloo, d^oo — 


w 1 


Hence we conclude that 


rx^oo{X{R)) =7T f H ^{g^s = 2,w = 1) dg = 7T • ^/7^ 
Jx(R) 




/A(R) r(3/2) 

For any non-archimedean place v, the local L-function at v is given by 

L„(s,Pic(d:’fcjQ) := det(l - g-'^Fr^ | Pic(A’fejQ)-i = (1 - 
We define the global L-function by 

i(s,Pic(XQ)) := n Ly{s,PicAkM = CFA^- 

DeVal(Q)fin 

Let A„ = 1/L„(1, Pic(A’^^)Q) = (1 — Then we have 

r(-/Cjs:) = = 27r^]^(l-p“^) = 27r^ 

V p 

Thus the leading constant is 


C(2)C(3) C(3)’ 


c{-ICx) = a{X)T{-ICx) = 


C(3)' 


7.2. Other big line bundles: the rigid case. Consider the following Q-divisor: 

L = xD + yE, 


where x, y are rational numbers. The divisor L is big if and only if a; > 0 and a; -|- y > 0. We define 
the following iirvariant: 

a(L) = inf{t €R\tL + Kx € AesA)}, 

b{L) = the codimension of the minimal face containing a{L)[L\ -|- [Kx] of Aeff(X). 


It follows from Theorem fOl that the height zeta function Z{sL) has a pole at s = a{L) of order 
b{L). Thus, to verify Manin’s conjecture, the only issue is the leading constant i.e., the residue of 
Z{sL). Tamagawa numbers for general big line bundles are introduced by Batyrev and Tschinkel 
in [BT98b] . (See [TscOQl Section 4.14] as well.) The definition is quite different depending on 
whether the adjoint divisor a{L)L + Kx is rigid or not. Here we assume that a{L)L + Kx is a 
non-zero rigid effective Q-divisor. 

In this case, the adjoint divisor a{L)L -\- Kx is proportional to E. This happens if and only if 
2y — a; > 0. In this situation, we have a{L) = 2/x and Z{sL) has a pole at s = a{L) of order one. 
By Theorem 11.31 we have 


lim (s — a{L))Z{sL) 

s—^a{L) 


A{2y/x) 3 

A(2 -I- 2ylx) Fx 


Recall that 

A(s — l)A(w) 
A(s -I- w) 



H(g,s,'u;) Mg 



H(g,s - 2,it; - 1) Mtg, 
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where tq is the Tamagawa measure on G(A) defined by tq = 'RT' denote this function 
by H (s, w). It follows from the computation of |CLT101 Section 4.4] that 

lim (s - a{L))HisL) = - ^ / H{x, a{L)L + Kx)~^ drxo, 

s^a(L) xA(2 + 2y/x) 6a;Jx°(A) 

where X° = X\E, and tx° is the Tamagawa measure on X°. Thus the Tamagawa number t{X, C) 
in the sense of [BT98b] is given by 

6 A{2y/x) 


t{X,C)= f H{x,a{L)L + Kx) ^ drx° = 

Jx°(A) 


TT A(2 + 2y/x) 


On the other hand, the alpha invariant is given by 


Thus we conclude 


a{X,L) = 
c{X,C) = 


2x 

A{2y/x) 3 


A(2 + 2ylx) TTx 


7.3. The non-rigid case. Again, we consider a big Q-divisor L = xD + yE, and assume that 
a{L)L + Kx is not rigid, i.e., some multiple of a{L)L + Kx defines the litaka fibration. This 
happens exactly when 2y — x < 0 and a{L) is given by 3/{x + y). The adjoint divisor a{L)L + Kx 
is proportional to D — E which is semiample and defines a morphism f : X ^ P\G = P^. 

It follows from Theorem 11.31 that 


lim (s — a{L))Z{sL) = 

S — 


_i 

(a; + y)A(3) \x + y 2 


Again it follows from the computation of |CLT101 Section 4.4] that 

lim(s - 1)2 H(-sA:x) = = ^ / 

s-n 2A(3) 12 Jx(A) 


drx. 


where tx is the Tamagawa measure on X. 

On the other hand, it follows from the definition of the Tamagawa measure that 


IX{A) 


drx = 17(1/ dTx,v- / drx.oo 
Jx{q„) Jx{K) 

= -Y{i^-Pv^ff \iigv,s = 2,w = l)~^dgy- [ H{g^, s = 2,w = l)~^ dg^ 

^ v.Rn dG(R) 

= - TT(1/ [^{hy,s = 2,w = l)~^ dihy ■ [ H{h^,s = 2,w = 1)~^ diha 

^ Jpm) 




fP{Qv) JPW 

where P is the standard Borel subgroup and dihy is the left invariant haar measure on P(Qv) given 
by dihy = |a|“^dajda;.„. Let cr be a top degree left invariant form on P. We have 

div(cr) = -2D\s - E\s, 

where S is the Zariski closure of P in AT. Hence 

[ drx = - TT(1/ H(h„,s = 2,'u; = l)“M|cr|„ • / H(hoo, s = 2, tc = 1)“^ djcrjoo 
Jx(A) TT Jp(Q„) Jpm 




Bfin 


20 


drs. 


Ism 


dTS,c 


6 

TT 


'S(A) 


drs. 


Recall that we have the following height function on P^: 


hpi(c ■ d) = max{|c|.„, |d|„} • ycP+dP : 


m ]k>o. 


):fin 
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and our Eisenstein series is related to this height function by 

E(s,e) = Zpi(2s + l)= 

2epi(Q) 

For each z = {c : d) £ where c, d are coprime integers, choose integers a, b so that ad — be = 1 


and let gz = 
given by 


a b 
c d 


. Then the fiber / ^(z) = Sz is the translation S ■ gz- The alpha invariant is 


^{Sz,L) = 


1 


x + y 


Next the Tamagawa number is given by 


d-rs, = TT(l-p„^) / dTs,,oc 

v.Hn Js,(R) 

^T\i^~Pv^)[ H{hygz,s = 2,w = l)~^d\a\y- [ H{h^gz, s = 2,'w = 1)~^ d\c 

v.Hn Jp{Q.) Jpm 

= T\i^~Pv^)[ H{hy,s = 2,w = 1)~^ d\a\y ■ [ H(hoo 5 z, s = 2, u; = l)“M|cr|(, 
.Jp(o„) -Jpim 


Note that gz £ G{'L). Then we have 

I H (^hoQgz ,s — 2^w — 1) d|(T|oo — 

Jpis.) 


R JRx 


t x\ f a b 

ij U d 


= 2,w = 1 ) |t| ^dt^dx 


t X 

1 


= (c2+d2)-i 

= hpi(z)“^/ drs,oo- 
JS(R) 


1 ac-\-bd \ 

j ^ = 2, w = 1 ) 


^ ^j,s = 2 ,w = lj |t| ^dt^dx 


Thus we have 


/ drs^ = hpi{z) ^ / drs. 
JS^{A) JS{A) 


Let H be the pull back of the ample generator via / : X —>■ P^. Then we have a{L)L + Kx 
2 ^-^y H. We conclude that 

x+y 

c{X,C)= Y. Oi{Sz.L)U{gz,a{L)L + Kx)-^T{Sz,C) 

zepi(Q) 


1 


x + y 


hpi{z) ^ /ipi(z) ‘^t{S,C) 


zepi(Q) 

1 1 


x + y A(3) 




4a; — 2^ 
x + y 


zepi(Q) 


1 


-E 


3x 3 
- -,e 


(x + y)A(3) \x + y 2’ 

We have verified Manin’s conjecture in this case. 

8. Appendix: Special functions 

Here we collect some important facts about special functions which we use in our analysis of 
the height zeta function. First we state the Stirling formula for the Gamma function: 
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Theorem 8.1. \Iwa95\. p.220, B.8] Let a be a real number such that \a\ < 2. Then we have 


r((T + it) = {27T)h’^-h-^ 0 j (1 + o(t-i)) 

for t > 0. 

Next we list some estimates for the modified Bessel function of the second kind: 

Proposition 8.2. )Har03\. Proposition 3.5] For any real number cr > 0 and e > 0, the following 
uniform estimate holds in the vertical stripe defined by < cr; 


M « I + I®*''®""'”""' ” 


0 < a: < 1 + 7r|S(^)|/2; 
■ 7r|5(/i)|/2 < X. 

Here the implied constant depends on a and e. 

Lemma 8.3. \Sid85\. p. 905, (3.16)] Suppose that |5ft(/c)| < i. Then we have 

K,i2n) = ^{l + 0{M^,)\-^)) 

when |5(t*)| is sufficiently large. 

Theorem 8.4 ( [Kor58] and IVinSSl i. As |f| oo, we have 

|C(1 +it)| » (log|t|)"\ 
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